By means of a new stability result, established for symmetric and multi-additive mappings, and using the concepts of stability couple and of stability chain, we prove, by a recursive procedure, the generalized stability of two of Fréchet's polynomial equations. We also give a new functional characterization of generalized polynomials and a new approach to solving the generalized stability of the monomial equation. MSC: 39B82; 39B52; 20M15; 65Q30
Motivation
Two of the best known functional equations for which there are no satisfactory results as regards generalized stability in the sense of Bourgin The difficulties that arise in the proof of a criterion of the generalized stability for such equations with differences for an arbitrary n are caused by the necessity of inventing a recursive procedure of determining the control functions and the monomial components of the approximated polynomial.
In this paper we eliminate these impediments with the help of two new instruments: the stability couples -which rigorously define the concept of the stability of a functional equation -and the stability chains -necessary for studying the stability of equation (.). First we prove -through the so-called direct method (of Hyers) -a new generalized stability theorem for multi-additive and symmetric functions in the spirit of Bourgin and Găvruţa. We use this result to justify a recursive procedure of solving the stability of equation (.) and we prove the equivalence of equations (.), (.), and (.). We then give a general technique of solving the stability of equation (.) using the stability of equation (.). As a consequence, we obtain stability results of Hyers-Ulam type which extend and improve the above mentioned results, and Aoki-Rassias type stability results for equations (.) and (.). Finally, we give a new technique for proving the generalized stability of the monomial equation
(  .  )
Framework
Throughout this paper we assume: N is the set of nonnegative integers, n ≥  is an integer, M is an abelian monoid under addition, B is a Banach space with the norm · , and B M is the vector space of all functions from M to B. We recall some definitions and properties of difference operators that we use in the following sections (see for details [] 
or []).
For y ∈ M, the linear operators y ,
For all x, y ∈ M we have
The nth iteration of y , denoted n y , verifies the identity
We say that the mapping p : M → B is an n-polynomial if for any j ∈ {, . . . , n} there exists a j-monomial m j : M → B such that p = m  + m  + · · · + m n . http://www.advancesindifferenceequations.com/content/2014/1/16
, for n = , and for n >  by
The symmetric mapping a : M n → B is n-additive if and only if
The operator D n- : B M → B M n defined in equation (.) can be described by the difference operators as follows: 
and it follows that
where a * there exists a function a ∈ A such that Ea =  and
If, in addition, a is the unique mapping with these properties, we say that (ϕ, ) is a strong stability couple.
If (ϕ, ) is a stability couple, ϕ is called a control function. If for any constant and positive function ϕ there is a stability couple (ϕ, ) for equation Ea = , we say that this equation is stable in the Hyers-Ulam sense. If S is a normed vector space and there is a nontrivial stability couple (ϕ, ) (i.e. ϕ = ) such that the control function ϕ is defined with the help of the norm from S, we say that the equation is stable in the Aoki-Rassias sense (see [] and [] for the origin of the eponymies).
We recall only two classic stability results, reformulated in terms of stability couples. 
Stability of symmetric and n-additive mappings
In the proving of the generalized stability -part of the existence -the following lemma is very useful.
Proof According to the hypothesis it follows that
Let j be an arbitrary positive integer. Then, by using the triangle inequality and the above inequality, we obtain
Since lim k→∞
Then, for k =  and j → ∞ in the previous inequality, we obtain
The following result is crucial in determining of strong stability couples for the functional equations (.), (.), (.), and (.).
Lemma . Let K be a commutative semigroup, r >  and let
Proof For x ∈ K we have
and also
The operators r n , R n , and the set D + n defined in the following lines will play a key role in building concrete stability couples for equations (.), (.), (.), and (.). http://www.advancesindifferenceequations.com/content/2014/1/16
is a nontrivial set. Now, we are able to prove that D 
Then a(y) := lim k→∞  -nk g( k y) defines the unique symmetric and n-additive function a :
Moreover, m := a * is the unique n-monomial from B M for which
But g is a symmetric function; therefore
Replacing y by  k y we get 
e. a is a symmetric and n-additive mapping that satisfies (.) and a * is a n-monomial that satisfies (.).
In order to justify the uniqueness of a, we consider the symmetric and n-additive
The following consequence is a stability result in the sense of Aoki-Rassias which generalizes Aoki's result from [] 
Then a(y) := lim k→∞  -nk g( k y) defines the unique symmetric and n-additive mapping a :
and m := a * is the unique n-monomial that satisfies the inequality
Proof It is sufficient to remark that (
Stability of the equation D n p = 0
The recurrence
. . , is an essential tool in this section. First we complete Theorem ..
Theorem . The function p : M → B is an n-polynomial if and only if D n p = .
Proof If p is an n-polynomial then for any j ∈ {, . . . Conversely, suppose that D n p = . Then
* is an (n -)-monomial and
By recurrence we finally obtain 
Theorem . If there exists a stability chain between
ϕ : M n+ → [, ∞) and : M → [, ∞), then (ϕ,
) is a stability couple for equation (.).
Proof Let (ϕ n+ , ϕ n , . . . , ϕ  ) be a stability chain between the functions ϕ = ϕ n+ and . Let also f : M → B be a mapping such that
we have
Because (ϕ n+ , ϕ n ) is a stability couple for equation (.) and D n- f : M n → B is a symmetric mapping, it follows that there is a symmetric and n-additive mapping a n : M n → B, such that D n- f (y)-a n (y) ≤ ϕ n (y), y ∈ M n . According to Theorem . we have D n- a * n = (n!)a n , hence
By reverse induction we finally obtain
where a j : M k → B is a symmetric and j-additive mapping, j ∈ {, . . . , n}. According to The-
n is an n-polynomial, and, from Theorem ., it follows that D n p = . Consequently, (ϕ, ) is a stability couple for equation (.).
The following theorem provides a technique of building strong stability couples for equation (.) and is the main result of this section. http://www.advancesindifferenceequations.com/content/2014/1/16
then there exists a unique n-polynomial p : M → B such that
Moreover, p =: 
and f j-
. . , n}, from Theorem . and Theorem . it follows that (ϕ n+ , ϕ n , . . . , ϕ  ) is a stability chain between ϕ n+ and , the pair (ϕ, ) is a stability couple for equation (.), and there exists an n-polynomial p satisfying (.).
We successively apply Theorem . and Theorem . (as in the proof of Theorem .) for justifying procedure (.). From (.) we have
defines an n-monomial satisfying the inequality
where
defines an (n -)-monomial satisfying the inequality
m n- . By recurrence, we finally find that
defines an additive function such that
m j and f  () = f (). Therefore the above inequality becomes
From ϕ  (x) = (x) for x =  and () =  it follows that (.) is satisfied for the n-
We prove now by reverse induction that
We prove relations (.) for j = n. First, we remark that inequality (.) becomes
Replacing here x by  k x, multiplying both members of this inequality by  -kn and taking into account relations (.), we obtain
By recurrence, we finally obtain
and the alternative is completely proved.
We have yet to show that the only n-polynomial satisfying (.) is p = n j=
Putting here x = , we obtain m  = m  and thus
Again, replacing here x by  k x and multiplying both members of this inequality by  -kn , we obtain
By reverse induction, we obtain m j = The following consequence provides a class of strong stability couples for equation (.), and a technique for building stability chains. Proof We successively apply Lemma .
n . By reverse induction, we obtain
 and from Theorem ., we obtain the conclusion. http://www.advancesindifferenceequations.com/content/2014/1/16
• Let s ∈ {, . . . , n + }, and let π : {, . . . , n + } → {, . . . , n + } \ {s} be a bijection. For any z = (z  , . . . , z n+ ) ∈ M n+ , the linear system
with the unknowns x = (x  , . . . , x n+ ), y = (y  , . . . , y n+ ) ∈ M n+ has a unique solution denoted by x(z), y(z).
is a function, s ∈ {, . . . , n + }, and π : {, . . . , n + } → {, . . . , n + } \ {s} is a bijection, then ψ : 
Proof The central idea of this proof is to work with the operator n+ in the direct prod-
From this, using the triangle inequality, hypothesis (.), and the definition of ψ , we obtain (
immediately that, for all z ∈ M n+ , we have
for all j ∈ {, . . . , n + }, where x(z), y(z) is the solution of system (.); consequently, for x = x(z) and y = y(z) in the previous inequality, we obtain
The stability couples of equation (.) provide stability couples for equation (.): from Theorem ., Theorem ., and the previous lemma we obtain the following stability result. 
